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Abstract

Various methods of introducing additional parameter to a family of multivariate exponential and Weibull distributions are
presented. One of them is used to give a new two-parameter extension of the multivariate exponential distribution which may
appear to be easier to deal with than those such commonly used two-parameter family of multivariate life distributions as the
Weibull, gamma and log-normal distributions. Another general method that allows additional new three-parameter to a family of
multivariate Weibull distribution is also introduced and studied. All the families of distributions expanded by either or both of
these methods have the property that the minimum of a geometric number of independent random variables with common
distribution in the family has a distribution also in the family.
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1. Introduction

Exponential and Weibull distributions play important roles in the analysis of survival or life time data as discussed by Ali, Mikhail
and Hag ™. These two distributions play such roles simply because of their constant hazard rates, convenient statistical theory, as
well as their important property of lacking of memory. Cox and Oakas ¥ stated that whenever the one-parameter family of
univariate or bivariate exponential distribution is found to be insufficient, a number of wider families such as Gamma, Weibull and
Gompartz-Makeham distributions are mostly used instead. Also, Cox and Oakas P! discussed the usefulness and importance of
these distributions in detail. Johnson et al. % explained these families of distributions in broader way. Genest and his fellow
researchers [ presented the usefulness and important properties of these distributions in details.

There are many methods that can be used to introduce new parameters in order to expand and simplify families of distributions for
either adding flexibility or to construct either covariate or correlation models. This is as stated clearly in Marshall and Oikin 4,
Whenever a scale parameter is added to a family of distributions, it accelerates life model and by taking powers of the bivariate
survival function introduces a parameter that give rises to the proportional hazard rate model. According to Weibull 1 and Feller
[ the family of Weibull distributions contains the exponential distributions and it is constructed by taking the powers of
exponentially distributed random variables. Similarly, the family of gamma distributions contains the exponential distributions but
it is constructed by taking powers of the Laplace transform of the exponentially distributed random vectors. Arnoid 2 as well as
Marshall and Oikin [ presented and studied the method of adding parameter to a family of univariate exponential distributions in
order to expand and become more flexible whenever new parameter is introduced into it. Marshall and Oikin 23 also studied the
properties of the new families of these families of these distributions formed by addition of the new parameter

In this research paper, an attempt has been made to prevent and discuss a general method of adding new parameter in the families
of multivariate exponential and Weibull distributions, in particular, starting with a multivariate survival function
F(x4,X2,..,%,), the one-parameter family of multivariate survival function:

aF(x g xgity) _ a Fix 12 gty —oo < X Xay e Xy <

G(xy, Xy, X p; @) = (1.2)

1~ BF(x pmntty)  F(E&mumien) + 0F (2 %) 0<a<o

with @ = 1 — a . As in univariate and bivariate distributions cases, it also worth noting that G = F whenever @ = 1
The particular case that F{x1,%4,...,X,) is an exponential distribution gives a new two-parameter family distributions that may
sometimes be used in place of usual multivariate Weibull and gamma families of distributions. It should be noted that all the
methods used in introducing an additional parameter have a stability property. That is, if the method is applied twice, nothing new

is obtained the second time. Therefore, a power of an exponential random vectors have a multivariate Weibull distribution, but the
power of a Weibull random vectors is nothing but another Weibull random vectors. Similarly, it is equation (1.1) above, a

multivariate survival form of the form & is introduced for F, then the equation (1.1) gives nothing new.

Multivariate Density and Hazard Rate of the new family of distributions
As far as the multivariate function 7 has a multivariate density function, then the multivariate survival function & stated in equation

(1.1) has easily computed the multivariate densities. In particular, whenever F has a multivariate density fi{xy,%5,...,%,) and
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rate of hazard TF, then the multivariate density function G has the multivariate density function g(xq,%5, ..., X, ) Which is given
by:

=r af (2 g gt ) af [ 1 gty af (% g gty

G{.xl.lxﬂj"ux;q} = Fa == o= . = = - = T = - (21)
{1-aF(xpxgmaxn)?  {1-Flapxg.on) taFlxpxgman)l®  Flapxg.an) taFlxpxg.cn)l?
and the corresponding hazard rate is given by:

( ) - ( )
TX Xy e, X () = — TPAX Xo e, X3 &

Col R e ylpy {l _ Q_F{.xble o x”'}} F L1rt ylpy

1 : 1 e
relxy, X0, 0, X3 @) ey, X0, ey Xy €€) (2.2)

N El—(i—:r}ﬁ(x-_,x-_,....,.rn}} N LF':I'_.Jf"_.---w'fn:"l'fff':-fﬂ"_.---uxn}}
Hence,

T}"{:le Xay e, xu}

lim lim .. lim '.r"[:xl,x:,...,x”; ) = lim lim .. lim

Xy —+00 xrg—+oa Xp—too 2 —HHaN g —toD Xp—*oa v d
Similarly, as in bivariate case, it is also true that

lim lim .. lim r(x,,x;, .., %, @) = lim lim .. lim re(x, %5,...,%,,)

X p—Ho0 xg—too E &y —HOON 0D Lp—roa
From the result obtained in equation (2.2) and what was stated by Genest, Ghoudi and Rivest [®l, we can establish the following:

1l g in)

. < (a0, Xy @) S1R(X%0 00 X)), —0 < X, X0, Xy S 0,2 = 1 (2.3)

FEILX )

el %0, x ) S (X, X0 0 X @) = . , =00 < Xy, X, Xy < o0,a=1 (2.4)
Similarly,

Flay,Xo, X)) = Glx, X0, X @) = F (X X0, 0, X,), =00 < Xy, Xy, X < 00,0 = 1 2.5)

Fin(x),x0, 0, %) S Gl % 0w, X 0 @) S F(Xp %0, 0w Xy), —00 < Xp, X0, Xy < 0,0 < 1 2.6)

:'*':.r;,..r-_-,...u.rn: )
TF L% 1 gwitn)
@ = 1anditis a decreasing functioninx;,i = 1,2,..nfor0 < o = 1.

When F(0,0, ..., 0) = 0, the corresponding hazard rate (0,0, ...,0; &) at the origin of the multivariate function behaves quite
differently than it does for the Weibull or gamma distributions; for both these families, the distribution can be an exponential
distribution, or (0,0, ...,0) = 0 or (0,0, ...,0) = o, so that (0,0, ...,0) is discontinuous in the shape parameter. This is
not the case with the multivariate family having hazard rates as stated in equation (2.2). Therefore, the multivariate family may be
useful to make multivariate function F{:xl,xgj ...un} easier to understand. However, in spite of what are already stated in both
equations (2.3) as well as (2.4) above, it needs not be that multivariable function F{xy,x,..,%,) and its corresponding
multivariate survival function G{x, x3,..., X, ) are at all similar to each other.

Using the same equation (2.2) above, we can establish that is an increasing function in xXpi=12,..1 for

3. A new family of two-parameter multivariate Exponential distributions
Given the multivariate function F(xy,%5,..,x,) = exp{—XL, fx;], the two-parameter family of multivariate survival
function:

p— 1 .

Glxy, %0, X @,8) = ————=—=,(x; >0 foralli,and a = 0,8 = 0) (3.1)

- (a—1)+emi=1P¥i" ©

can be derived from equation (1.1). the multivariate exponential distribution can be obtained as a special case of (3.1) when
o= [§=1 When &« = [ = 1, this multivariate distribution is the conditional multivariate distribution, given z = 0, of a
random variable z with the multivariate logistic survival function:

PriZ >z) = -
"z >2) [1-(1-a) TP

i 4

, for—om <z <o (3.2)

Regarding equation (3.1) above as a special case of equations (2.1) and (2.2), it can be seen that the multivariate survival function

32



National Journal of Advanced Research

G (X1, %2, . %) has the multivariate density function & which can be defined as:

) gﬁE_EF:'_E-r[ gﬁEEF:'_IE-*i )
g{.xljfo---un;gJﬁ}: n T = n :J{_xi}ﬂjvi; o= ﬂ_.ﬁ:}ﬂ
{1— (1 —a)elEfr}  [eLEh¥i— (1 a)}

and the corresponding hazard rate of this multivariate density function is as given:

A AeLizadxi
{1-(1—a)eiz i} [eZitad¥i — (1 - a))

G(xy, X0, X0 0, 4) = = Ax; =0,V a=0,1>0

At this point, it should be noted that r(xy,x5,...,x,; 1,4) = A, that is r(xy,%5,..., x,;; &, 4) is decreasing function in
X, Vi for 0 < a = 1 Similarly, 7{xy, x5, ..., X3 a, 4) is an increasing function in 1,V fora= L

Considering equations (2.3) and (2.4), it can be seen that

EE rlxy %0 o X @, f) =6, —0< XX, <00 =1 (3.3)

B=rxy,xe . X f)= 5 —0< X, X0 Xy ml=as1 (3.4)

e~ LiziBxi < Glxy,Xg, e X @, f) = e~ Liz:fxile o < XXy, Xy < @ =1 (3.5)
n . —r n .

e~ LimaFxi/e < G(x1, X0, X ﬂ':ﬁ} = E_E[:-Exl; —0 XXXyt =as1 (3.6)

As in bivariate case, in multivariate also, it is true that distribution with an increasing hazard rate is new and better than used.
Similarly, distribution with a decreasing hazard rate is new and worse than used. This fact was earlier presented by Barlow and

Proschan . From the above fact, it follows that when multivariate random variables *1:%2s++»%n have the multivariate
distribution G (X1, X2,..., % , the conditional multivariate survival function satisfies:

. _ _ =Pr(X, >1,.X,>1) (a=1)
P(X, > x;+ i X > X+ i/, > x5, X = X)) = {2 Pr(X, ; . z 1) O<a<1)

Proposition: The multivariate function log g (x,,%,...,x,;; &, £) is convex for 0 < @ = 1 and concave for & = 1.

The above result can be shown by differentiating the multivariate log g {xy,%x1,...,x,,; a, §) n-times with respect to all variables
X1,X2,.., X, This means that for @ = 1, the multivariate function G{xy, x5,...,x,,) is a decreasing function. On the other hand,
fora = 1, glxy, %5, ..., x,p; @, 8) in unimodal, with the mode of each of the n-variables given as:

P { 0, (r=2)

M= g ogla —1) (@ >2)

Considering equations (3.5) and (3.6), it can be shown that the multivariate function &{x,,x5,...,x,,) has finite moments of all
positive orders. By computing directly, it can be verified that if these n-variables have distribution function
Glxy, X0, 0, X0 &, ;5’}, then each of the n-variables has first moment given as:

aloga

Bl1-a)’

E(x;) = fori=12,..,n (3.7)

The above expectations are always positive quantities. In particular, for the marginal distribution of random variable X i, we have:

Y L 1 4. _ ra el [(—logp)*
Ex")=r [ G(xga fx, " tdx; = ardo {1—-:1—¢}p }dp (3.8)
which when r=1 is substituted in it, gives equation (3.7). Similarly, for the marginal distribution of random variable*:, the i

moment is also given as in equation (3.8) above A replacing
X,.the same argument is applied to all remaining n — 2 variables. The Laplace transform of marginal distribution
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4 of each of the n-random variables *1:*z:-+Xn can also be obtained as follows.

For random variable X1, it is given as:
L -
[ ] "r'} { (1—(1— rf]'p} }dp (3.9)

Similarly, that of random variable X3 can be obtained in the same way as above by replacing X1 with X2, The same pattern is
applied to all remaining-2 random variables.

Equations (3.8) and (3.9) can be expressed as infinite series as far as |1 —al =1 Based on this, the integrands of (3.8) and (3.9)
can be expanded in a power series and the result be integrated term by term to generate the following for the random variable Xy

E(X,") = fl X, leT R avle” Eidxl_—zm = JI:'”':'(Il—mrl 1y

=L
and also
i 1 e . .. - g+l )
E(e™:)= af, pE,( + Dpla~tdp=a¥i,a lfim (I1—al =1) (3.10)

Similarly, that of marginal distribution of random variable X2 can also be obtained in the same way by using the corresponding
moments and Laplace transform of the random variable X2, All others follow in the same way.

As a consequence of the above proposition as well as what was earlier presented by Karlin, S.; Proschan, F. and Barlow, R. E. [14,
the total positivities properties yield moment inequalities that are not generally true. In particular, the coefficient of variation " is

less than 1 for e =2 1 and is greater than 1 when o <X 1, &2 is the variance and & is the first moment of random variables

(1-k)+ak
X1, X2, Xn_|tis also clear that the k" quartile Xx of & G can be obtained by the relation: ¥, = — lng{%}

Also, the median of each of the random variables *¥1: ¥2: 1% n js given by the formula:
. logl 1+a)
Median of X; = ——,¥i,i = 1,2,.

From the above relations, it can be observed that median, mode and expectations of random variables *1:Xzs+-+Xn are all
increasing functions in a and decreasing function in the scale parameter f3.

Considering the monotonic nature of log ¥: Y& = 1,2, ....1 and the values of random variables ¥1: %2 %z are all positive, it
. . o r ..
can be shown that mede (X;) < med(X;) < E{ E(X;),¥ii=12,..,n. 1t should also be noted that

mode(X,) mode(X-)

. . . de( X " . '
lim = lim———= = --- = lim M = 1. I1f all E(X;),i =12, .., 1 are fixed constants, say equal 1, then
e—on  E(X; E(Xa) a—on  E(Xp)

f—+oo

the weak limit of & , as a tends to infinity, is degenerate at point 1, while the limit is degenerate at point zero when a tends to zero.
It also worth notlng that 111n lim .. lim r(xy,x5,..,x,; @ ) = £ is bounded and continuous in the parameters just like

-
y—+oa =—h:.-u X s

gamma distribution and unllke Weibull distribution.

4. Extended multivariate Weibull distributions
Consider the multivariate Weibull survival function:

_ . noem ot
Flxyxa, ., x,) = e Liz:lBs) x. =0,¥i, 1>0, >0 (4.1)
Then using equations (1.1) and (4.1) above, we can get the new three-parameter survival function
_ T |,Ex (N
G(x1, X0y, X 0,5, 4) = ae” =P (4.2)
1-{1—-a)e” ‘-'l"_"gxl

This geometric extreme stable extension of the multivariate Weibull distribution may sometimes be a competitor to the more usual
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three-parameter Weibull distribution with survival function:

. noe
Flxyxa, e xy; af,0) = e Blzdxi 8 yx =8 Via>0,8>01>0-w0<d§<own

dd
xi x3 X . .
If X;,i = 1,2, ..., n have a multivariate exponential distribution with parameter f=1, then — E‘ rE ; have the survival function

as given in equation (4.1) above. Similarly, if Xi,i = L2, ...,1l have the survival function (3.1) with parameter p=1, then
;J ﬁ? P

AL JE" have the survival function as stated in (4.2). Therefore, moments of survival function given in (4.2) can be obtained
from non-integer moment function of equation (3.1). Hence, from equation (3.6), it can be seen that whenever the random

variables Xi,1 = 1.2, ...,11 have a multivariate survival function as in equation (4.2), then:

E[T%, X°] = (1-a)” 1"(‘[) 1-al=1 (4.3)

E J.A _;I J.|+J_:|.J

Ifl11—al = 1 then the moments can be obtained from the equation (3.4) by applying change of variables technique that was
earlier applied in deriving equation (4.3). However, those moments cannot be stated in closed form; therefore, even the first
moments of equation (4.2) must be obtained numerically. By expressing the moments as:

n
o[[]
i=1
It can be shown that:

[ [+
i=1

. .1
Of course, these are random variables that are degenerate at point 7

mn

=1 oy
17 Fay, X, v, x ddx d Xy ndX,  ong
i=1

dlim E =fF5 s5=0

It should be noted that the density and hazard rate of the distribution given by the equation (4.2), can b obtained from equations
(2.1) and (2.2). The hazard rate, particularly, is given by:

BATT (Bx)
[l —(1- H}E—EP:-_':EIE)J']

T{:xl.lx:J vany x;lz; H.I,EJ‘A} =

In this function, it can be verified, by applying calculus, that its hazard rate is increasing if & = 1, A = 1 and decreasing if
=1 A =1 If4 =1, thenthe hazard rate is initially increasing and eventually increasing, but there may be one interval where

it is decreasing. On the other hand, if A <1 then the hazard rate is initially decreasing and eventually decreasing, but there may
be one interval where it is increasing. The slope changes at those intervals are subtle and hence graphical method can be applied in
this case.

5. Geometrlc extreme stability of multivariate distribution
Let ¥, — X0 x P, X — xxl® e, Xy — X575, be the sequences of independent identically distributed
random multlvarlate random vectors with dlstrlbutlons as stated in the famlly (1.1), and if N has a geometric distribution on

{1,2,3,...}, then minimum and maximum of all X3 Xz, o X also have distributions in the family. To see why this property may
be of interest, recall that the extreme value distributions for extrema, and as such they are sometimes useful approximation. In
practice, a random vector of interest may be the extreme of only a finite, possibly random number N of random number N of
random vectors. When it has a geometric distribution, the random vector has a particularly important stability property, just like
that of extreme value distributions.

Assume that N is independent of X;, X5, ..., Xy with a geometric (p) distribution, that is:

PI(N=n)=(1—-p)"pn=123..

u = 111111{.5( v X' l} X' l}} = 111111{}( =

;"-':' mi m}-

Xy, X0}, Uy = mingx, Jand let (5.1)
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1 = max{Xil}J l_:.l},... Xl.vl}

}:Vg = max{Xi::'J @ x@

(N )
N ,X: v Ky

}J e Uy = max{X':N} w Xy

1

5.1 Definition: If F € T implies that the distribution of U; (¥}, (i = 1,2,3,..n) are in T, then T Is said to be geometric minimum

stable (geometric maximum stable). If T is both geometric-minimum and geometric-maximum stable, then T is said to be
geometric-extreme stable.

The term ‘geometric-maximum stable’ was discussed by Marshal et al. [** and Rachev et al. [*51 to describe a related but more
restricted concept. They apply the term not to families of distribution but to individual distribution; in their submission, a
distribution is geometric-maximum stable if the location-scale parameter family generated by the distribution is geometric-
maximum stable in our sense. The two ideas essentially coincide for families T that are parameterized by location and scale. Most
of the families considered in the paper are not of that form, a notable exception being the logistic distribution. For instance, the
family of logistic distributions and multivariate survival function of the form:

1
= 1+ EEEX;+EI:+"'+EI.'1’

Flxy,%5,0,%,) —00 < Xy, Xy, Xy 00y @, f >0

is a geometric-extreme family, indeed distribution in this family are geometric-stable even in the sense of Rachev et al. [*31, The
fact that this family is geometric-minimum stable was utilized by Arnold ! to construct a stationary process with logistic
distributions, with multivariate survival function of the form:

ﬁ{:xl_,x:_,..._,xu} = P{Ul = X9, U: = Kooy wany U:'! = Xn

= Z ?” {:xlng.u vy _‘X.'”}{l - p}”_l
n=1

pFx gyl
1=(1=p) Flapt muien )

— 00 X, Xg, e, X, <00 (5.2)

As an extension of univariate and bivariate parametric family of distributions given by Marshal et al. ', the multivariate
parametric family of distributions stated in equation (5.2), is also geometric-minimum stable.

Similarly, for random variables V;, (i = 1,2, ...,mn), also given in equation (5.1) by using arguments similar to those used above,
we can see that:

(F'[_lexg,...,xu} = E{VJ’ = xl,VE = X3y wany V;z = Xn

= E F” {:lexEJ ey xu}{l - p] -l
n=1 _
pFlapaegin)

T 1-{1-p)Fxyxpn)”

—00 X)X, Xy 00 (5.3)

According to Marshal et al. [, the multivariate parametric family, given in equation (5.3) above is geometric-maximum stable.
The multivariate families defined in equations (5.2) and (5.3) above combine together to give single parametric family

= cf(F{:xl,x:,...,x”]} = {G(xy,%0,., X p;0), & = 0} where G(xy,%5,....%,) is given in equation (1.1), with condition
that in equation (5.2), 0 <@ =p =1 and in equation (5.3), with o — 4;21. At this point, it can be seen that
G(xy, %0, ) = Floy, 0,0, %), hence F(xy, %5, ..., %, J€&, furthermore, it also worth noting that F{(xy,% 2., X, )& is
stochastically increasing function in £,

Proposition: The parametric family fF of distributions of the form (1.1) is geometric maximum stable.
Proof: To verify this proposition, it is enough to verify closure of f under a kind of composition, as follows. Suppose that
kG (2 )

[1—(1-k) Elxpenmmem )}
kaFlxpxo..xn

where 5{:x1,x:,..,xu;a-] is as stated in equation (5.3). Therefore,

(F{_xl_,x:_, g Xl =

H{xy, X0y, X0 ) = —
el el ¥ :'zjI El—(l—ﬁk}th-_,.r-_,...“rn}}
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This shows that H{xy, X3, ..., X,, )€ ff, and consequently, f has both geometric-maximum and geometric-minimum stability.

The proof of the above proposition also shows that if F is replaced by any other distribution in f Then that distribution will also

generate f

Below are some properties of geometric-extreme stable families that worth noting. The same properties also hold for geometric-

minimum and geometric-maximum stable families.

a. If Py and P, are geometric-extreme stable families, then £1 YU Pz and Py N Py are also geometric-extreme stable families; the
empty set is vacuously such a family. _ _ _

b. For every distribution F that determines a geometric-extreme stable family P(F), if G € P(F)then P(G) = P(F), Therefore,
the minimal geometric stable families form a partition of the set of all distributions into a set of equivalence classes. In this
case, a minimal geometric-extreme stable family is a family which is non-empty and has no non-empty geometric-extreme
stable sub-family.

c. If F and G differ only by a scale (location) parameter, then P(F) can be derived from P(F) by a common scale (location)
parameter change. _ _

d. Assume that F € P, this means that F{0) > 0, and also F is given by the formulae:

1 »=0Vi=12 ..,n
f'[:x-an,...,x }= F_{:xl.lx:.l"'.lx } .
bz " Tﬂ n=01i=12,.,n

If F is geometric-extreme stable, then {R, FET} is also geometric-extreme stable.
(d) Let F be a family of distribution functions, and also suppose that:

Pgs = {G:G(x1,%2,0,%,) = F&(x, — 8,%,— 8, ..., x, — &) for someF € P}

If P is geometric-extreme stable, then Pas is geometric stable for all & = 0andall real &

6. Application of Geometric Distribution in extreme stability property

The geometric-extreme stability property of = F(F) is indeed important, and it largely depends upon the fact that a geometric
sum of independent identically distributed random variables has a geometric distribution. This partially explains why random-
minimum stability cannot be expected if the geometric distribution is replaced by some other distribution on {1,2,...}. Therefore, if

the above fact is repeated with the assumption that N-1 has a Poisson distribution, and then f would be replaced by a family that
would not be Poisson-extreme stable.

If F is a distribution function and G (xy,x,..., %X p; 8) = i F™(xy, %2, ..., X, )t,(6) has the stability property then the
discrete distribution must satisfy the functional equation:

(=)

i [i E"”tm'[:ﬁ']r t,la) = Zz”t”{:f{}J D=z=1

n=1'm=1 n=1
The only solution to this equation is the geometric distribution when some regularity conditions are applied.

7. Conclusion

The general method of introducing one-parameter into a family of multivariate distribution is developed and presented. The
extended exponential distribution provide a new method of adding two-parameter to a family of multivariate distribution which
may sometimes compete with multivariate Weibull and gamma families of distributions. New method for derivation of three-
parameter type of Weibull family of distribution is introduced and discussed. It is also presented in this paper that all the methods
of adding parameter to different families of different distributions commonly possessed stability properties.
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