
 
National Journal of Advanced Research 

20 
 

National Journal of Advanced Research 

Online ISSN: 2455-216X; Impact Factor: RJIF 5.12 

www.allnationaljournal.com 

Volume 3; Issue 1; January 2017; Page No. 20-24 

 

On the negative PEII equation y2 = 7x2 - 14 

1 MA Gopalan, 2 KK Viswanathan, 3 P Gayathri 

1 Professor, Department of Mathematics, SIGC, Trichy, Tamil Nadu, India 
2 Associate Professor, Kuwait College of Science and Technology, Safat, Kuwait 
3 M.Phil Scholar, Department of Mathematics, SIGC, Trichy, Tamil Nadu, India 

 
 

Abstract 

The binary quadratic equation represented by the negative pellian y2 = 7x2 - 14 is analyzed for its distinct integer solutions. A few 

interesting relations among the solutions are also given. Further, employing the solutions of the above hyperbola, we have 

obtained solutions of other choices of hyperbolas, parabolas and special Pythagorean triangle. 
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Introduction 

Diophantine equation of the form 1y 22  Dx , where D is a given positive square - free integer is known as pell equation and 

is one of the oldest Diophantine equation that has interesting mathematicians all over the world, since antiquity, J.L.Lagrange 

proved that the positive pell equation 1y 22  Dx  has infinitely many distinct integer solutions whereas the negative pell 

equation 1y 22  Dx does not always have a solution. In [1], an elementary proof of a criterium for the solvability of the pell 

equation 122  Dyx where D is any positive non-square integer has been presented. For examples the equations 

47,13 2222  xyxy have no integer solutions whereas 1202,165 2222  xyxy  have integer solutions. In 

this context, one may refer [2-17]. More specifically,one may refer“The On-line Encyclopedia of integer sequences” 

(A031396,A130226,A031398) for values of D for which the negative pell equation 1y 22  Dx is solvable or not. 

In this communication, the negative Pell equation given by 147 22  xy is considered and infinitely many integer solutions are 

obtained. A few interesting relations among the solutions are presented. 

 

Method of Analysis 

The negative pell equation representing hyperbola under consideration is  

147 22  xy
           (1) 

whose smallest positive integer solution is 7,3 00  yx  

To obtain the other solutions of (1), consider the pell equation 17 22  xy whose solution is given by  
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Applying Brahamagupta Lemma between )( 0,0 yx and(𝑥̃ n , 𝑦̃ n ), the other integer solutions of (1) are given by  
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The recurrence relations satisfied by the solutions x  and y  are given by  
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Some numerical examples of x and 
y

 satisfying (1) are given in the Table1 below. 

 
Table 1: Examples 

 

n  nx
 ny

 
0 3 7 

1 45 119 

2 717 1897 

3 11427 30233 

4 182115 481831 

 

From the above table, we observe some interesting relations among the solutions which are presented below. 

1. Both nn yx & values are always odd. 

2. Each of the following expressions is a nasty number: 

 

   12172 3222   nn xx  

 
8

96271 4222   nn xx
 

 
4

483135 3222   nn yx
 

 
127

152464302 4222   nn yx
 

   1234542 4232   nn xx  

 
4

48519 2232   nn yx
 

 12102270 3232   nn yx  

 
4

48512151 4232   nn yx
 

 
127

1524162618 2242   nn yx
 

 
4

48813135 3242   nn yx
 

 1216264302 4242   nn yx  

 
7

84906 2232   nn yy
 

 
56

6727173 2242   nn yy
 

 
7

84143490 3242   nn yy
 

 

3. Each of the following expression is a cubical integer: 

 )17(9)17(9 214333   nnnn xxxx  

 )271(6912)271(2304 315333   nnnn xxxx  

 )45(3)45( 314333   nnnn yxyx  
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 )717(48387)717(16129 315333   nnnn yxyx  

 )17271(27)17271(9 325343   nnnn yxyx  

 )173(3)173( 123343   nnnn yxyx  

 )1745(3)1745( 224343   nnnn yxyx  

 )17717(3)17717( 325343   nnnn yxyx  

 )2713(48387)2713(16129 133353   nnnn yxyx  

 )27145(3)27145( 234353   nnnn yxyx  

 )271717(3)271717( 335353   nnnn yxyx  

 )15(147)15(49 123343   nnnn yyyy  

 )239(37632)239(12544 133353   nnnn yyyy  

 )71745(1323)71745(441 234353   nnnn yyyy  

 

4. Relations among the solutions: 

 123 2322   nnn xxx  

 121 1626   nnn xxy  

 122 2166   nnn xxy  

 123 162546   nnn xxy  

 312 6696   nnn xxx  

 131 254296   nnn xxy  

 132 161696   nnn xxy  

 133 225496   nnn xxy  

 212 6216   nnn yxx  

 121 42216   nnn xyy  

 213 2544216   nnn yxy  

 131 6722254   nnn xyy  

 231 254166   nnn xxy  

 232 1626   nnn xxy  

 233 2166   nnn xxy  

 122 24216   nnn yxy  

 123 1667216   nnn yxy  

 223 16422   nnn yxy  

 132 1642254   nnn yxy  

 133 2672254   nnn yxy  

 233 24216   nnn yxy  

 123 4267242   nnn yyy  

 131 40643210752   nnn yyx  

 132 25625610752   nnn yyx  

 133 32406410752   nnn yyx  
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 132 67267210752   nnn yyy  

 321 4267242   nnn yyy  

 

Remarkable Observations 

i) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas 

which are presented in the Table2 below. 
 

Table 2: Hyperbolas 
 

S. No. (Xn,Yn) Hyperbola 

1  2112 17,15   nnnn xxxx
 

25297 22  XY  

2  3113 271,239   nnnn xxxx
 

1651507223041792 22  XY  

3  2112 45,1193   nnnn yxxy
 

11468864448 22  XY  

4  3113 717,18973   nnnn yxxy
 

728404994816129112903 22  XY  

5  3223 17271,71745   nnnn xxxx
 

2268963 22  XY  

6  1221 173,745   nnnn yxxy
 

2867264448 22  XY  

7  2222 745,11945   nnnn yxxy
 

287 22  XY  

8  3223 17717,189745   nnnn yxxy
 

11468864448 22  XY  

9  1331 2713,7717   nnnn yxxy
 

728404994816129112903 22  XY  

10  2332 27145,119717   nnnn yxxy
 

11468864448 22  XY  

11  3333 271717,1897717   nnnn yxxy
 

287 22  XY  

12  1221 15,17   nnnn yyyy
 

41164921 22  XY  

13  1331 239,271   nnnn yyyy
 

8092385281254416128 22  XY  

14  2332 71745,1191897   nnnn yyyy
 

123487 22  XY  
 

ii) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of  parabolas 

which are presented in the Table3 below. 
 

Table 3: Parabolas 
 

S. No. (Xn,Yn) Parabola 

1  322212 17,15   nnnn xxxx
 

4273 2  YX  

2  422213 271,239   nnnn xxxx
 

172032179248 2  YX  

3  322212 45,1193   nnnn yxxy
 

71684488 2  YX  

4  422213 717,18973   nnnn yxxy
 

28677362112903127 2  YX  

5  423223 17271,71745   nnnn xxxx
 

378633 2  YX  

6  223221 173,745   nnnn yxxy
 

71684488 2  YX  

7 )1745,11945( 323222   nnnn yxxy
 

1472  YX  

8 )17717,189745( 423223   nnnn yxxy
 

71684488 2  YX  

9  224231 2713,7717   nnnn yxxy
 

28677362112903127 2  YX  

10  324232 27145,119717   nnnn yxxy
 

71684488 2  YX  

11  424233 271717,1897717   nnnn yxxy
 

1472  YX  

12  223221 15,17   nnnn yyyy
 

294217 2  YX  

13  224231 239,271   nnnn yyyy
 

361267216128112 2  YX  

14  
327174245,311921897  nynynyny  6174147

2
 YX  
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iii) Consider 11   nn yxm , 1 nxn , observe that 0 nm .Treat nm,  as the generators of the Pythagorean triangle

  ,,T , where 
2222 ,,2 nmnmmn    

Then the following interesting relations are observed. 

a) 28572    

b) 28
28

29 
P

A
  

c) 
11

2
 nn yx

P

A
 

 

Conclusion 

In this paper,we have presented infinitely many integer solutions for the hyperbola represented by the negative Pell equation 

147 22  xy . As the binary quadratic Diophantine equation are rich in variety, one may search for the other choices of 

negative Pell equations and determine their integer solutions along with suitable properties. 
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